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Abstract— The paper is devoted to the problem of pole assign-
ment by state feedback in non-square implicit linear systems.
In particular, the proof of Theorem 4.6 in [5] (here Theorem
1) is completed by a proof of sufficiency conditions, providing a
complete solution to the problem of pole assignment in the case
of column regularizable systems.

I. INTRODUCTION

The main subject of the study is the implicit linear system
(D

where E;A € RY", B € RY™ are matrices over IR,
the field of real numbers, and x(t), u(t) are the state and
control input of the system, respectively. The system (1) will
frequently be referred to as the triple (E, A, B). System (1) is
considered in the general case, when ¢ is not necessary equal to
n, and such a system is called non-square. Non-square systems
arise for example in networks modeling, signal flow graphs,
Petri nets, and can be applied to circuit systems, composite
systems [1], [2].
Applying the linear and proportional state feedback

Fx(t) +o(t),

Ei(t) = Az(t) + Bu(t), t>0,

u(t) = 2)

where FF € R™*" and v(t) is a new control input, to the
system (1), gives rise to the closed-loop system

Ei(t) = [A+ BF]z(t) + Bo(t). 3)

By choosing different state feedback gains F', we alter the
response of the closed-loop system. In particular, to shape
the desired system response one assigns the prescribed pole
structure to the closed-loop system by choosing the appropriate
matrix £’ in (2). Such a problem is called the pole structure
assignment by state feedback [7]. A simpler version of this
version is called pole assignment problem. In particular, it
deals with the assignment of the prescribed (finite and infinite)
poles to the system (3) using a control of the form (2). These
problems belong to the most important ones in control and are
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of great practical interest. For example, they are used or the
design of controller as well as observer [4].

In [5] the problem of pole assignment is considered in the
non-square systems and there are given necessary conditions of
its solvabiity. Here, the proof is presented for the sufficiency of
that conditions in the so-called column regularizable systems,
which is defined below.

II. BACKGROUND

The symbol < stands for the divisibility of the polynomials
a(s), B(s) € Rls], i.e. a(s) < B(s) (B(s) > a(s)) means «(s)
divides 3(s), and the degree, deg x(s), of a polynomial vector
x(s) € RF[s] is the greatest degree of all its entries x;(s).
Accordingly, the degree of column ¢ of a polynomial matrix
M (s) € RP*™[s] is denoted by deg,; M(s). Such a matrix is
called column reduced if it can be written in the form M (s) =
M. diag{sci};il + M(s), where M;. € RP*™ is of full
column rank and M (s) € RP*™[s] is such that deg,; M(s) <
¢; := deg,; M(s). Two polynomial matrices A(s) and B(s)
are said to be equivalent, we then write A(s) = B(s), if there
exist unimodular matrices U (s) and V(s) over IR [s] such that
A(s) = U(s)B(s)V(s). A polynomial matrix of degree 1 is
called a matrix pencil.

The system (1) is called regular if the pencil sk — A
is regular, i.e. E and A are square, and det[sE—A] is not
identically equal to zero. The system (1) is called regularizable
by state feedback if there exists an F' such that the pencil
sE — A— BF is regular. In the case of non-square systems an
analogous concept, weak regularizability, is defined in [5]. The
system (1) is called weakly (row or column) regularizable if
the pencil sE— A— BF is of full row or column rank for some
F € R™*". The weak regularizability seems to be a pertinent
property of system (1) since it guaranties the existence of a
transfer function, possibly non-unique.

The pole structure of the system (E, A, B) is defined by the
zero structure of the pencil sE — A. The finite zero structure
of sEE — A is given by the invariant polynomials of sE& — A,



say ¥i(s) > iq1(s), i =1,...,r —1, r:= rank [sE — A].
The infinite zero structure is defined [8] by the terms g™,
d; >0, i=1,..., kg, occurring in the Smith-McMillan form
at infinity of s E— A. The integers d; are called the infinite zero
orders. The finite poles are given by the roots of the invariant
polynomial v;(s) of sE — A, including the multiplicities, and
the pole at infinity is described by its multiplicity

ka
d:= Zdl .
i=1

The problem of pole assignment by state feedback lies in
finding conditions (necessary and sufficient, if possible) under
which there exists an I € IR™*" such that the roots of a
prescribed monic polynomial, say v(s), and a positive integer,
say d, will define the finite and infinite zeros of sE¥ — A— BF.

The main concepts and tools used for solving the considered
problem are given in [7], [5] (see also references therein) and
briefly recalled below.

A. Feedback Canonical Form

Under the action of the feedback group, which consists of
quadruples (P,Q,G,F), where P, Q, G, F € R™*" are
matrices over R, P, @, G invertible, each system (F, A, B)
can be brought into the feedback canonical form [6],

(P,Q,G,F)o(E, A, B) = (PEQ, P[A+ BF|Q, PBG)

= (E07 AC? BC)

The feedback canonical form consists of a pencil sEc — A
and a matrix B¢ that are block-partitioned, in the form

sEc — Ac = blockdiag {sE; — A;}, j€{e0,¢,p,1,n},

where sE; — A; is again a block diagonal matrix pencil
consisting of the blocks, non-increasingly ordered by size, of
types (bj)s for ] € {67 0,q,p, lv 77}’

aq

e;+1
—— :
(s —1
(be) (bs)
s —1 -1
L I s |
i pi+l
——
r—1 —1 s
(be) S (bp)
q;+1 pitl
—1 s
L s L -1
l; M4
—_—
| [ s
() (br) |1 ,
l; ni+1
-1 s
L—@i0 —Qi1 - S—Qil; -1
i=1,..., k, with k; denoting the number of the correspond-

ing blocks. The values describing these blocks are called:

« the nonproper controllability indices, €1 > ... > € > 0;
« the proper controllability indices, o1 > ... > oy, > 0;

o the almost proper controllability indices, ¢ > ... >
qk, > 0;

« the almost nonproper controllability indices, p; > ... >
Pk, = 0;

o the fixed invariant polynomials of [sEc — Ac, —DBc]

represented by the polynomials a;(s) = sb +a;, s ! +
o dans+ a0, I >0, a1 (s) b as(s) > > ag, (8);
o the row minimal indices of [sEc — Ac, —Bcl, m >

Z 77161, Z 0
Similarly, B¢ takes the form

0 0
B, 0 ko
0 5| Bei=Dblockdiag {[0 - 01]%]1{”1}

q i=1

Be=14y o
. T ) q

0 ol Ba= blockdlag{[0-~-01] e]R‘h“}i:l
0 0

As the main subject of the paper is a study of the influence
of state feedback (2) upon (1), the system is already assumed
to be in the feedback canonical form and the index C' will
therefore be omitted in the sequel.

Proposition 1: [7], [5] The following holds:
(a) (E,A,B) is regularizable if k. = k, and k, = 0.
(b) (E, A, B) is row regularizable if k. > kg and k,) = 0.
(c) (E,A,B) is column regularizable if k. < k,.

B. Normal External Description

Definition 1: Polynomial matrices N(s), D(s) are said to
form a normal external description (NED) of the system
(E, A, B) if they satisfy the following conditions:

. [ggj” forms a minimal polynomial basis

for Ker[sE—A, —B], ie.
|-

e N(s) forms a minimal polynomial basis
for KerII[sE'— A], where II is a maximal left
annihilator of B.

N(s)

SE— A, —B] [ o) (4)

An NED is not unique unless it is in the canonical polyno-
mial basis [3], which will be assumed hereafter.

It should be noted that the NED reflects just those parts of
[sE — A, —B] that are given by the e— and o—blocks. Let B
be such that [B B] is of full column rank and

rank [sE — A, —[B B]] =¢, Vs € CU .

The system (E, A, [B B)) defined in such a way is called an

extended system of (1). Its NED, say gi EZ;

same information as the pencil [sE — A, — [B B]].

To handle the finite and infinite poles of (1) in a unified
way, the conformal mapping s = 1*%, where ¢ € R, and
is not a pole of (F, A, B), is used. Then, the point s = oo
is moved to w = 0, while all the finite points except s = a

} , reveals the
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are kept in finite positions. Applying the conformal mapping
to the equation

= NE(S)
E—-A, —BB =0 5
[sE—A, ~[B B] [ Dg(s) } ’ ©)
premultiplying it by diag {w"}, v; = deg,[sE —

A, —[B B]], and postmultiplying by diag {w"}, p; =

deg,; | giég |, gives

SIn

wE — A, ~[B(w) Bw)] [ Nip(w)

Dp(w)
which can be viewed as a w-analogue of (5). Then the action
of the state feedback upon (6), and hence the extended system
of (1), is described by the following relationship

wi | HE) ] =0

DEF(w

] =0, (6

[wE — A — B(w)F, —[B(w)

Son

where n
DEF(U)) = DE(U}) — |:0:| NE(’LU)

In particular, both [wE~ —-A-B (w)F] and Dgp(w) have the
same (non-unit) invariant polynomials

Pi(w) == wdi+deg1/fi(8)wi (

= wd%[)i (w),

where d; (d; := 0,7 > kg) and 1;1' (w) are the infinite zero
orders and w-analogues of (non-unit) invariant polynomials
1;(s) of the pencil sE — A — BF, respectively. So, the
zero structure of the polynomial matrix DEF(w) will be
investigated instead of that of the pencil sEE — A — BF.

The matrix Dgg(w) is of the form

w

1+aw>

[D1cSs+ D1y Dig Dy Dy Dy
D2e DQU Sq + D2q D2p D2l D2n
Der(w)=| 0 0 Z, 0 0 0 (7)
0 0 0 Zy 0 0
0 0 0 0 S, 0
L O 0 0 0 0 S,
where

Sy :=diag {(1 + aw)”}¥e, . S, :=diag {(1 + aw)qi}fil ,
Zy:=diag {—w®}l, | Z,:=diag {—wPi}'7,
~ ~ i ke
S, :=diag {o?i(w)}f’;l, Sy :=blockdiag { {(1 jg:f) ] } ,
i=1
and Dij are polynomial matrices satisfying the conditions:

b degci |:g;j:| SJ’L? je {670,(171%1777}7 = ]-721"'7 (8)
J

° Dij, j € {0,q,1,n} consists of the polynomials with zero
constant terms, and
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o[g; S"gfl”] (or at least one of its (ks + kq) X (kg + ks)

submatrices |

D}, So+Di,
Dy Dio
the degrees equal to j;, i =1,2,...

}, ke > kg) is column reduced with
,j €{e, 0}

C. Problem Formulation
Given a weakly regularizable system (1), a monic poly-
nomial 1(s), and integer d > 0, find conditions under
which there exists a matrix F' € R™™" such that (in w-
notation) 1(w)w® will be a gcddm [wE’—fl—B(w)F]

Using the concept of NED, it follows that qlz(w)wd is also
geddm Dgp(w). Thus, geddm [wE — A — B(w)F]| can be
replaced by gecddm Dgp(w) in the above formulation.

D. Previous Results

The results known in the case of regularizable systems are
now recalled.

Proposition 2: [7] Given a regularizable system (1) (k. =
kq and k, = 0), a monic polynomial ¢(s), and an integer
d > 0, then there exists a matrix F' in (2) such that det[sF —
A — BF] = 4(s) and the sum of the infinite zero orders of
sE — A — BF equals d if and only if the conditions (9)-(11)
(and (12) if k. = 0) are satisfied:

ke ko kq kyp ky
degvo(s)+d = D> e +Y oi+Y _ ai+> pi+y L)
=1 =1 i=1 =1 =1
P(s) > ar(s)az(s)...an,(s) (10)
kq kp
d > Y g+ p (11)
i=1 i=1
ko ki
dego(s) = D oi+ Y i (12)
i=1 i=1

III. MAIN RESULTS

Consider a column regularizable system (1) and the corre-
sponding matrix Dgp(w), see (7), with k, > k.. Bringing the

matrix S’n, by elementary operations, to the form, S5 = [I’Bn ] ,

the matrix Dgp(w) will further be simplified. Particularly, the
matrices [)17,, Dgn can be zeroed, which means that we can
study just a submatrix of Dg r(w), denoted as P(w), that does
not contain rows and columns corresponding to the 7-blocks.
It should also be clear that geddm Dgp(w) = geddm P(w)
since the only nonzero dominant minors of Dgp (w) are those
of P(w). Thus, we will investigate the matrix P(w) instead
of Dpp(w). To that end, let SF denote the set of all k-tuples
{gu,das- gk 1 < Ja < ..o <k Ji <t Jist € N, the
set of natural numbers, i = 1,2,...,k, k < t. Let further
Plel and Ppg), a € S{n, B e Sﬁ, denote submatrices of an
m X n matrix P consisting of rows 4y, 43, ...,4; and columns
1,72, .-, Jk of P, respectively. For example, Ph/;f], acSh,
B € SE, where /a := {1,2,...,m} —a, denotes a submatrix of
P obtained by eliminating rows 41, %2, ..., %; of P and having
columns ji, jo, ..., jx of P.



Lemma 1: Let P(s) = (n+p),

ull column rank with 7

0 Z
m —n < p, polynomial matrix of
nonsingular and diagonal. Then

X v ]bean (m+p) x

dm P(s) = det[X Y]] det Z[¥, (13)
where kesSp, jesnt, i—O,l,...,rr[L] n. (14)

Proof: Clearly, the dominant minors of P(s) are deter-
minants of (n + p) x (n + p) submatrices of P, i.e.

dm P(s) = det PUl(s), j e SItP .
More particularly,
x bl yli
where j,k are as in (14). Then (13) follows as a consequence
of the diagonal form of Z. [ |

Theorem 1: Let a column regularizable system (1) (k, >
k), a monic polynomial ¢(s), and an integer d > 0 be given.
Then there exists a matrix F € R™*" such that ¢)(w)w? =
geddm [wE — A— FB(w)] if and only if the conditions (15)-
(19) (and (20) if k. = 0) are satisfied.

ke ko ke kp k
deg(s)+d < Y ey oi+d gty pi +lei(15)
i= i=1 i=1 i=1 i=1

(16)
a7

degip(s) < (18)

ke ko ke kp
da+Y oi+ > a+ > pi (19
i—1 i—1 i—1 i—1

Ky
Zpi
i=1

where equality holds in (15) for ke = kg, {zi}f:_k” denotes

the set of the ﬁrst ke + kp indices of the non-decreasingly

ordered set {qz} 1U{pz}2 1> and a;(s) == 1 for ky < ky—k..
Proof: A proof of necessity is given in [5].

Sufficiency. When k. = k, the conditions of Theorem 1 turn

out to be those of Proposition 2, which means that just the

case kg > k. is to be proved.

Let k{’; and k7 denote the numbers of indices p; and ¢; in
{2} such that k% + ki = ky + k. Let further ki :=
ki — kg k for k; > kq — k. and kj ::Oforklgkq—ke.

To prove that the conditions (15)-(20) are sufficient, a matrix
P(w) will be constructed such that

—wzzl H a; P (w)

i=k;— k*—f—l

d < (20)

geddm P(w 21)
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where
ke kq kl’ k;
0<d < A+> a6 - e+ Y p (22
i=1  i=kg—kj+1 i=1
ki—kf
0 < deg/(w) < Ap+ D I (23)
=1
ke ko
At 4y <) 6+ o (24)
=1 =1

with A, = 0 for k. 70
Let further ky € Sk” and ky € S " be such that

Ky = {kp—k 1. k), ky— k=K —k
kio= {ki—k+1,.. k)

and let the matrix P(w) be partitioned as follows:

[D1cS,+D1,| Dig D1p[/k;] Dyyjas) D1p[k;] Dy ]
Dae Dag |Sg+Dag Dopyas) Daryig) Dopiies) Do)
o 0 | z 0 0 0 0
o 0o | o zUs g 0 0

Wl
1
00 1o RGN
0 0 | o0 0 0 Z,2 39*]
q B
0 0 | o0 0 0 0o SR
It can be seen that if
Dlp[k;] = Dll[k{‘] = sz[k;] = BQl[k{] =0, (25
then
geddm P(w) = geddm P (w) det Z { 2 et § | i =
Z pi ki (26)
= geddm Py (w)w' ™"~ ““H a;(w
i=k;— k:*—‘rl
where
[Dic Sy + Diy| D1, Dlp[/k;] Dy ]
Dae Do [Sq+ Dag Dayijis) Doy
Pw)=149 o | gz 0 0
[/k3]
| 0 Zp[/k;] i [(/)k*]
1
Lo 0 10 0 Sapmp |

In what follows it will be shown that the matrices D;;
satisfying (8) can always be chosen such that

k
geddm Py (w) = w'=Fa*at! wd Y (w),

where d’, ¢’ (w) satisfies (22), (23), respectively.

27)



Put

Dig =0, Doy :=Ij, — Sy, (28)

which is always possible by (8), subtract the second block of
rows multiplied by Z, from the third block of rows of P; (w),
and zero the matrices in the second block of rows by the third
block of columns. Finally permute the second block of rows
and the fifth one and the third block of columns and fifth one.
The matrix P; (w) will be in the form

[ D, §U+D1U\D1p[/k;] Dyykzy 0]
A, A, | A4 A 0
______________ XY
el —l———|. 9
00 [Zpy 0 0 0|z
0 0o | o SUE o
Lo 0 | o 0 I ]
where

Ao =2, D~267 Ap =2, 1:)21’[/’“;]
Ay :=Zg Dag, Ar:=Zg Doyjjiz)

Denote

5 k)
PR I AT
0 I

q

The matrix Pj(w) is now of the form of the matrix P(s) in
Lemma 1 with X,Y, Z defined by (29), m := ks + ky, n:=
ketko, pi=Fk,— k; + ki — kf + kg4, and its dominant minors
satisfy (13).

In view of (8), put

[Dipy/iy) Dugms) =0,

Do | V= Uep k) x (k=)

ikl diag {3;(w)} (30)

[ { Ok, — (ka —k ) x (ki =) }
k] diag {;(w)}

where (;(w) are polynomials that satisfy degf;(w) < p;,
i=1,2,...,k,—ky,ie. Vi€ /ky, and ;(w) are polynomials
with constant terms equal to zero satisfying deg~;(w) < I;,
i=1,2,...,k—kj ie Vi€ /kf. Notice that k,—(k,—ky) >
ke, kg — (ky — k) > k..

The dominant minors of the matrix P;(w) can be written
in the following form.

dm Py (w) = det X1 det Y72 det Z[F! =

[/k] k] —
[32] , ,
det XU det L? ] Lg 8] det 7 ¥ det 2 4]
AR A » l
where
y ketko k’p_k*_il
€ Skﬂr‘k’q’ k;’ € Skp—kg
J1Uj2 =17, k) € gk —ki +hq—iz (31)

ki—kf +kq

i, 3, k are as in (13), iy 4o =1
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More explicitly,

dm P; (w) = det X ] 11 (wqrcq*(kp—k;q)ﬁﬁi(w)) [T w?

vie [k, vieky,
[T (w™e==*D+iq; (w)) 1 &i(w)}
vie /ky Vick;
(32)

where v;(w) = 0 and &;(w) := 1 for ¢ > k; — k. The
relationship (32) implies that

geddm Py (w) = ged(det X011, j; € SZU—:IZZ) G
= geddm X G,

where G denotes the gcd of the bracketed expression in (32)
for all ky,, kj.
Let -
geddm X = whip(w),
G == w? (w),
where ) (w) and t(w) are coprime polynomials.
Now G will be investigated in more detail. First, the
following holds for all k;,, kj satisfying (31)
kyU /ky ={1,2,... k, — K}
kU/k={1,2,.... ki —kf',...ki — k} +kq}
Next, consider the “boundary” subsets of S:ﬁ::iiil and

ki—k} +kq—iz . . .
S ko — kb and the corresponding parts of dominant minors

of Pi(w) that contribute to G, say dm Pig(w). Let k] =

{1727...kl—kl*,...7kl—]ﬂf+kq}. Then,
eif iy = 0, K, = {1,2,...k, — k2}, /K, = 0 and
kp—k?
dm Pig(w) = J[ wPi J] ai(w)
=1 viek)
o if iy =k, — k%, k) =0, /K, = {1,2,...,k, — %} and
kp—k*
dm Py (w)g = T[] (w43, (w)) T] ai(w)
i=1 Viek]

Evidently, the value d is constrained by these two
dm P; g (w). In particular, if all 8;(w) are divisible by w, then

the smallest d = > g (recall that k), — ky = ky—ke). If
i=kq—k}+ket+1
Bi(w) is not divisible by w, the value of d can be increased
kp—k
up to > p;. To sum up, for all 41, 0 < i3 < k, — k;, the
i=1
inequalities

kq kp—Fky

Z q < d< Z Di-
i=1

i=kg—kg+ke+1

are satisfied. )

Analogously, to estimate the value of deg(w), it is suf-
ficient to consider the below subsets of SZ;:ZﬁZTQ and
the corresponding dm Pig(w) with k, = {1,2,...k, — k5 }.
Then,



o ifiy =0,k = {1,2,.. . ki—kf, ... ki—kf+ky}, [k} =
ki—k}

[T ai(w) T w

i=1 Viek,
o ifio =k — l*,k{Z{kl—]fl*—l—l,kl—kl*—l—Q,...,kl—
kf + kq},/k; ={1,2,...,k — kl*} and dm Py (w) =

¢ and dm Pig(w) =

ki—k
[T (w80t (w) T o
i=1 Viek,

It can be seen that the degree of the non-divisible part by w
ki—k;

that can be assigned to G cannot exceed > I; and reaches
i=1

its maximal value if the polynomials ~;(w) are zero. On the

other this degree can reach zero if the polynomials +;(w) and

&;(w) are coprime. At the end, there always exist matrices

D;; such that G satisfies the following set of inequalities.

kq kp—k
oo <d<s Y (33)
i=kq—kZ+ke+1 i=1
ki—k}
(34)

0 < degdh(w) < Y L,
=1

_ Consider now the geddm X. It follows that the matrices
D;; satisfying (8) can be chosen such that

kq ke
Yo e <d <A+ (35)

i=kg—kc+1 i=1
0 <degi(w) < Ay (36)

where
ke ko
A1+ 4y < ZQ‘-FZCH
i=1 i=1

When k. = 0, the gcddm X is not divisible by w, which
implies -
The conditions (33)-(37) then directly lead to

geddm Py (w) = wlﬂd_l/}(w)ﬂ;(w)

(37

where
kq kp—kj ke
Yo g<d+d<Ai+ ) pit+ Y ai,
i=kq—k;+1 i=1 i=1
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ki—k}
0 < deg (JJ(w)iZ(w)> <Ay + Z li,
i=1

and A; = 0if k. = 0, which shows that (27) holds. Taking into
the account (26), the relationship (21) follows. Then, having
the matrix Dy r(w), a state feedback gain can be calculated
using the relationship Dy p(w) = —FNg(w). ]

IV. CONCLUSION

The problem of pole assignment by state feedback to the
column regularizable systems (1) is considered in the paper.
Necessary conditions of its solvability established in [5] are
extended by proving their sufficiency. The results are stated in
Theorem 1 that gives necessary and sufficient conditions for
pole placement.
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